A theory of integration of compact convex set-valued is provided by applying the Henstock integral has been studied by She Xiang Hai, Fang Di Kong and Ji Shu Chen [12] . The aim of this paper is to give a similar characterization of the Henstock-Kurzweil integrability for a more general class of set-valued function. Moreover, we compare the Henstock-Kurzweil integral with Debrue Mathematics Subject Classification: 28B20, 26E25, 54C60, 54C65, 58C06
Introduction
Considerations of integration and summation of set-valued functions go back to Minkowski. The calculus of set-valued functions was found to be very applicable in several mathematical fields, especially in mathematical economics, control theory, and statistics. Accordingly, many recent papers deal with the basic theory of integration of set-valued functions, and several approaches were established.
One approach was developed by Aumann. Aumann in [1] introduced the definition of set-valued integral. This concept was based on the Lebesgue integral for selections of set-valued function. This method is called the technique of selectors. A second approach was employed by Debrue [5] , who used an embedding of the convex-compact sets into a Banach space and then considered the Bochner integral into the Banach space. This method is known as a technique embedding. In the both approaches outlined above, the main tools were measure theoretic techniques.
In 1957 Kurzweil [8] and, independently, in 1963 Henstock [6] , by a simple modification of Riemanns method, gave a new definition of integral, which includes many former integrals such as the Lebesgue integral. The definition of Henstock-Kurzweil integral does not require measure theoretic concepts and is defined as a limit of Riemann-type sums. The main purpose of the present paper is to apply the Henstock-Kurzweil integral to set-valued functions.
In [12] showed that Henstock integrable the support function of set-valued function F : [a, b] → ck(R n ), where ck(R n ) means the family of all nonempty convex-compact subsets of R n is necessary and sufficient condition for the Henstock integrability. Our main goal is to give characterization of the HenstockKurzweil integrability for a more general class of set-valued function in Banach spaces which have a finite dimension. Moreover, we compare the result the Henstock-Kurzweil integral with Debrue and Aumann ones. Our results can be applied in studying the mean demand of commodities in the pure exchange economics events in Indonesia.
where d(A, B) = sup a∈A inf b∈B a − b and d(B, A) = sup b∈B inf a∈A b − a . The metric space (ck(X), h) is complete [3] .
For given A, B ∈ ck(X). The sum of A and B is the set A + B given by A+B = {a+b | a ∈ A, b ∈ B} and λA is the set defined by λA = {λa | a ∈ A} for λ ≥ 0. It is easy to see that (ck(X), +, ·) satisfies the following properties
for each A, B ∈ ck(X) and λ ≥ 0, µ ≥ 0.
If A, B, C ∈ ck(X), then the equality A + C = B + C implies A = B [10] . Thus the cancellation law holds in ck(X) with the additive operation. The Hausdorff metric h is translation invariant, since h(A + C, B + C) = h(A, B) [10] and positively homogeneous, i.e., h(λA, λB) = λh(A, B), for all λ ≥ 0 and A, B, C ∈ ck(X).
Lemma 2.1. Let x, y ∈ X and A, B ∈ ck(X) , Then
ii. h(λA, λB) = |λ|h(A, B), for all λ ∈ R. Lemma 2.2. Let A ∈ ck(X), a n n∈N ⊂ X and set A n = {a n } ∈ ck(X). If A n n∈N is a sequence converging to A, then the limit of a n exist, a ∈ X and A = {a} Proof. Assume there exist b ∈ A \ {a}. This mean there is subsequence {a n k } of {a n } such that converging to {b}.
. This lead to the contradiction. Therefore b = a, i.e. set A consists single point.
For every C ∈ ck(X) the support function of C is denoted by s(·, C) and defined on X * by
Remark 2.3. [ see [9] ] It is clear, for A, B ∈ ck(X) and x * ∈ B X * then s(x * , αA) = αs(x * , A) for α ≥ 0 and s(x * , A + B) = s(x * , A) + s(x * , B).
We have the following embedding result.(Lemma 1.1 [4] ).
Lemma 2.4. Let ∞ (B X * ) be the Banach space of bounded real valued functions defined on B X * endowed with the supremum norm · ∞ . Then, the map j : ck(X) −→ ∞ (B X * ) given by j(A) = s(·, A) satisfies the properties below i. j(A + B) = j(A) + j(B) for every A, B ∈ ck(X);
ii. j(αA) = αj(A) for every A ∈ ck(X) and for every α ≥ 0 ;
iii. h(A, B) = j(A) − j(B) ∞ for every A, B ∈ ck(X).
For every A, B ∈ ck(X), we obtain relation between metric Hausdorff and support function,
Let C ⊂ X. The convex hull of C is defined as
where D is convex.
Lemma 2.5.
[11] Let A, B ⊂ X and real number λ > 0. Then
where n is dimention of X and diam(A i ) = sup x,y∈A i x − y . 
Given a gauge δ on [a, b], we say that a partition {(
The length of interval I is denote |I|. 
In the case we write
Given a set-valued F : [a, b] −→ ck(X) and x * ∈ X * , we write s(x * , F ) to denote the real valued function given by s( 
where
, where ℘(R k ) the family of all non-empty subsets of vector space R k and S F (L) be the set of all Lebesgue integrable selection of F . The Aumann integral is defined as
where (L) means the Lebesgue integral. Set valued F is said to be Aumann 
The Henstock-Kurzweil for set-valued with non-empty convex compact values in R k was introduced by She Xiang Hai etc [12] . Based on that will be studied set-valued integral in a more general class in Banach space.
Main Results
Similar as a single valued function, we define Henstock-Kurzweil integral for set-valued function in the following 
. In this case we write
We also need to address the uniqueness of the integral for justifying the notation employed above. Proof. Let > 0. Suppose W 1 and W 2 satisfy the conditions in Definition 3.1 with respect to the gauges δ 1 and δ 2 respectively. Let
Thus, W 1 = W 2 (uniqueness). 
for each δ-fine partition P = {(I 1 , t 2 ), ..., (I n , t n )} of [a, b] . For x * ∈ B X * , we consider form
By Remark 2.3 and equation (1) and inequality (6), we have 
for each δ-fine partition {(
Therefore λx + (1 − λ)y ∈ W . Thus W is the convex subsets of X. Next we take a sequance {y n } with y n ∈ W , for each n ∈ N, then for any
s(x * , F )dt, i.e, x * , y n is bounded in R, then there exist convergent subsequence x * , y n k . Let that subsequence convergent to β x * ∈ R, then β x * ≤ α x * , apparently
in other word lim k→∞ y n k ∈ W and W is a compact set of X so, W ∈ ck(X). We know that W = {y ∈ X | x * , y ≤ α x * , x * ∈ B X * } and s(x * , W ) = sup y∈W x * , y . Therefore we can to choose α x * = s(x * , W ). By equation (1), Remark 2.3 and inequality (7), we have 
From Lemma 2.5 (iii) follows that
(ii) Let > 0 and choose gauge δ = δ( 2 t i ) on [a, b] as for the function co(F ) in Definition 3.1, but additionally with δ ≤ 2 , where F (t) ⊂ B r (0) for all t ∈ [a, b]. Then, Theorem 2.6 yields
This shows that Henstock-Kurzweil integral of F and co(F ) coincide. 
for each δ g -fine partition
= sup
This mean, λF is Henstock-Kurzweil integrable on 
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By the Henstock-Kurzweil of F we have
For m −→ ∞, we obtained 
i.e. the Henstock-Kurzweil integrability of f with 
Proof. We take f ∈ (A)
In other word S F (HK) = ∅. By Definition 3.8, set valued F is HenstockKurzweil integrable and equation (12) is satisfied.
The Debreu integral is an extension of the Bochner integral to the case of set valued functions. Debreu also compared his integral with the Aumann integral and showed that the two integrals coincide when the set-valued functions take values in the hyperspace of compact convex subsets of R k with the Hausdorff distance [7] . 
Proof. Let > 0. Suppose W ∈ ck(X) with respect to gauge δ on [a, b] . We have to show that
for each δ-fine partition P = {(I i , t i ) | i = 1, 2, · · · , n}. For each k ∈ N, we define a simple set valued F k : [a, b] −→ ck(X) as F k (t) = F (t i ) if t ∈ (t i−1 , t i ] and F k (a) = F (a). Since F is Debrue integrable, by according j(F ) is Bochner integrable, by an isometric embedding from Lemma 2.4 a sequence j(F k (t)) converges to j(F (t)) for almost all t ∈ [a, b].
Obviously, j( 
Since the function j(F ) is Bochner integrable, we have
Therefore (B)
From (15) and (17) yields 
